Follow up solutions C1 (1-10)

Follow up 1

Solution

(@)

—_—
=
—
IS
V
“

y=1(x)

Every vertical line x = a, a > 0, cuts the graph of f at exactly one point. Hence, f is a function.

(b)

g(x)

L
h

The vertical line x = 0 does not cut the graph of g at any point. Hence, g is not a function.



Follow up 2

Solution

(a) In(x—1)isdefined forx—1>0
x>1

.. Maximal Domain, D, = (1, o) or D; = (1, )

(b) J3-x is defined for3—x >0
3—-x2>0
x-3<0
x<3

. Maximal Domain, D, = (-0,3].

(©) lis defined if x # 0.
X

.. Maximal Domain, D, = R\ {0}.



Follow up 3

Solution

f(x)=(x+1)

.. the new function g(x) and its domain as follows:

g:x— (x+1),xeR andx > -1

Follow up 4

Solution

Graphical Method

f(x)=x>—x-2

)

From GC, the range of f(x)is[-2.25,10].

Analytical Method
Lety=f(x)=x"—x—2for-1<x<4
Whenx=-1,y=0
Whenx =4,y =10
Completing the square,

1Y 9
= X— —_——
y( 2j 4

2
As (x —%) > 0 for all real values of x,
(LY 9,9
Y 2 4 4
. .9
.. the minimum value of fis —Z.

Hence, the range of f is R, =[-2.25,10]



Follow up 5

Solution

(@)

NORMAL FLOAT DEC REAL RADIAN HMP .

4, 11)
(-1, 1

From the graph, the range of fis R, =(1,11).

(b)

NORMAL FLOAT DEC REAL RADIAN MP .

i
a

From the graph, the range of g is R, = R\ {-2}.

©

NORMAL FLOAT DEC REAL RADIAN MP .

From the graph, the range of his R, =[0,1].



Follow up 6
Solution
(@

; y=f@)

,_.
e
[*]

A
=

5.39

For any horizontal line cuts the graph of y = f(x) at most once.

f is a one-one function.

(b)
y
A
y=h(x)
(-4,4.02) 5
A\ v=3
(-2.06,0.131) .
5 >

The line y =3 cuts the graph of y = g(x) more than once.

gis NOT a one - to - one function.



Follow up 7

Solution

(a) Method 1 (Horizontal Line Test)

The horizontal line y = 2 that intersects the graph of y = f(x) more than once.

f is not one - one, f does not have an inverse.

Method 2 (Counterexample)
Since f(-1) =1 +E and f(1) = 1+z, f isnot one - one.
e e

So f does not have an inverse.

(b) Largest value of kis 0.

Follow up 8
Solution

The function is defined by f: x — 2x+1, x € R. Find f ' (x).

Let y=1f(x)
y=2x+1
y-1

2

-1
£ :y

) =

-1

() =22
(x) 3



Follow up 9

Solution
Let y:f(x)
=x" -4
y+d=x"-4x+4
yta=(x-2)

+Jy+4=x-2
i.e. x=2+.y+4

(@) Forx>2, x=2+./y+4
f(y)=2+./y+4
f_l(x):2+1/x+4

(b) Forx<2, x=2—.y+4
f(y)=2-y+4
fﬁl(x)=2_41x+4



Follow up 10

Solution

(a) From the graph, the range of fis R, =(0,1].

(b)

(©

(@

Method 1 (Graphical)

. . 1.
Since the line y = 5 intersects the curve y = f(x) more than

once, f is not one - one. (See diagram)

Method 2 (Counterexample)

Since f(—1) =f(1) = e, f is not one - one.

The least value of £ = 0.

Iny=-x
¥’ =—Iny
1
x== [In—
y

Sincex >0, x= flnl
Y

Thus, f™ : x > lnl,xeR,0<xsl

X

Tosolve f(x) =" (x),
consider f(x)=x
eV =x
e —x=0

Using GC, x =0.653




Follow up solutions C1 (11-20)

Follow up 11
Solution

(a) The graphof g

y
A (1,5)

74}.\’

Any horizontal line y = k, k € R, cuts the graph at most once, thus function f is one - one.

Hence function £ exists.

Let y=6-¢""
O =6y
(x=1)* =In(6-y)

x=1+In(6-y) or x=1-In6-y)

Since x <1,

x=1-4/In(6-y)

fix1-yIn6-y),x<5

(b) The graph of gand g™

}}
A (L3
y=x
y=£f(x)
(5,1)
- y=1"(x)
X
$~(-0.360,-0.360)

The graph of ™' is the reflection of the graph of f in the line y = x.



Follow up 12

Solution

(@) fg(x)="f(x*-1)
=2(x* —1)+3

=2x%+1

(b) gf(x)=g(2x+3)
=(Q2x+3) -1
=4x" +12x+9-1
=4x> +12x+8

(© ff(x)=f("(x)
_ f(x —3)
L2
=2(x_3j+3
2

=X




Follow up 13

Solution

(a) The graph of the function f

o

(b) R;=(0,1] (from the graph in (a))
Given D, = (0, x)

Since R; € D, thus gf exists.

© gf(x)=g(le+1]

= T < substitute 241 into g(x) = i
X +1
=x"+1
Since D, = D, = (-0, 0] i’
.. the domain of gf = (—o0, 0]
y=gf(x)
Using GC to graph gf (x) = x* +1, with domain gf = (—o, 0].
From the graph, R, =[1, ) *(0,1)
> X
@)




Follow up 14
Solution

(a) Since the horizontal line y =1 cuts

the graph of y = f(x) twice, f is not

a one - one function and thus £

does not exist.

(b) b=0.

Let y=1f(x)

1 1-x°

=—c¢
a
In(2y)=1-x"
x=%,1-1In(2y)
Since x <0, .. x =—/1-In(2y)
o 7 (x) = —1-In(2x)
. 1
SinceD_, =R; = (0,—6:'
2
The domain of D o = (0,

(© R, :(O,%e} and D, =[0, ).

N | —

Since R; € D,, .. gf exists.

@) gf(x)=g[f(x)]

Since D,; = D; = (-0, 1]

Domain of gf = (—o0,1]

y=£f(x)




(e) Method1 (Graphical)

Use GC to graph gf (x) = ,f%el’xz , x< -1,

y=x

y
A
\ﬁ
2
y = gf(x) [LLJ
// (v
B YE » X
(1,0.5)
From the graph above,R ; = (0, %}
Method 2 (Mapping) ¥y
A
e e
—00 1] f 0’_ g 0’\/:
(<ee]-{os o
lomain Range f Range gf "
2
R of = [0, \/g :I < (Refer to the graph on the right)
0

[ e e



Follow up 15

Solution
(a) Let y= 73_ 3x < (Expres x in terms of y)
y@B-x)=T7-x
_1-3y
3~y
7-3x

N (x) = 3 ,xeR,x#3.

Since £ (x) = f(x)
fis self-inverse (Shown)

In (a), fis self-inverse, .. £™'(x) = f(x).
f"(x)=x,if n =even.
f"(x) =f(x), if n = odd.

So, £ (x) = f(x).
£2°%(5) = f(5)

7-3(5)

f2003 (5) —

=4

(b) Lety=In(x+1)
e’ =x+1
x=¢" -1

gl =e" -1

(© R, =(-0,0)\{3} and D, = (-1,2)
Since Rf,, les Dg.

. g 'f does not exists.

(d) R, =(-1,2) and D, = (=0, 0)\ {3}

Since Rg,l c D,.

. fg™! exists.
(—0, n3) —&15  (-1,2) -5 @, 23
Dg 1 Rg,l =Restricted Df ng

2Ry =(1,2.5)




Follow up 16

Solution

(a)

(b)

(c)

(@)

)
The graph of f (-2,9)

From the graph,
Range of f =(0,9)

[a—

y=1f(x)

Y

X

0]

For-2<x<0,
Let y=1-x

x=3/1-y
For x>0,

Let y=e™*
1
x=——In
> y

For x > 0, the range is 0 < f(x) <1.
For —2 <x <0, therange is 1 < f(x) <9.

1

- —Elnx, 0<x<1,
X

I1-x, l<x<09.

Range of g,R, =[-1,0) and Domain of f,D; =[-2,).
Since Rg cD,,

.. fg exists.

fg(x) = fg(x)]
Substitute x = & into x(x —2)
Sincea>2, .. a(a-2)>0
fg(a) =f(a(a-2)

— e—2a(a—2)

Given fg(@) :i

e—Za(a—Z) —

N =

Using GC, o = 2.30 (correct to 3 sf)



Follow up 17

Solution

(a)
f)=3+1=4

£(8) = £(8—4)
=1(4)
=7-4
=3

- f(8)=3

f(29)=f(25)=f(21) ....=f(1)
So, f(29) =f(1)

=3+1

=4
. f(29)=4

(b) The graph of f

}!
4 y="£(x)
(-2,5) (2,5) (6,5)
~(043) (4 .
( _31 4) E i ' i X (85 3)
L () L L 1 1 }_ x
Learning Point:

The coordinates of the endpoints and the points where the curves meet should be labelled clearly.

(c) Refer to the graph in (b). When y = 3.5, the line cuts the graph more than once.
.. fisnota 1-1 function.



Follow up solutions C2 (1-5)

Follow up 1

Solution

Refer to Example 1 in the text (Page 49) and follow

the steps to find the the x-intercept of the curve

.. the x-intercept is —1 and 4.

Refer to Example 1 in the text (Page 49) and follow
the steps to find the the x-intercept of the curve

.. the y-intercept is —4.

Follow up 2

Solution

Refer to Example 2 in the text (Page 50) and follow

the steps to find the turning point of the curve.

.. the turning point is (1,-1).

MNORMAL FLOAT DEC REAL RADIAN MP n MNORMAL FLOAT DEC REAL RADIAN MP n
CALC ZERD CALC ZERD

Y1=K2-3X-4 Y1=Kz-3X-Y4

Zero Zero

H=-1 Y=o K=y ¥=1E-12

NORMAL FLOAT DEC REAL RADIAN HP n

\l./
~

x=0

NORMAL FLOAT DEC REAL RADIAN HMP n

Ya=X2=-3X-4

®=0 ¥="4
NORMAL FLOAT DEC REAL RADIAN HMP n
CALC HINIMUH
Ya=K2-2X
inimum
=0,9999985 ¥="1




Follow up 3
Solution

To find asymptotes, perform long division,
2x-3
- x—4
5
x—4
Equations of asymptotes : y =2 (vertical asymptote)

=2+

and x = 4 (horizontal asymptote)

To determine x-intercept, let y = 0.

ie. 0= 2x=3
x—4

3

x==

2

To determine y-intercept, let x = 0.

_2(0)-3
YT 04

To find stationary point(s)

=2+
7 x—4
dy 5
dx (x—4)

dy . .
For all values of x, x # 4, Ey is always negative.

Hence, there are no stationary point on the curve.

. . . 2x-3
Using the above information, we can use GC to graph y = x_4
x—



Follow up 4
Solution

To find asymptotes, perform long division,

XX =3x+4
)} = @
x—1

=x-2—-——
x—1

Equations of asymptotes : y = x —2 (oblique asymptote) and x =1 (horizontal asymptote)

To find stationary points

6
=x-2-——
7 x—1
d—y:1+ 6 >
dx (x-1

For all values of x, x # 1, % is always positive.

Hence, there are no stationary points on the curve.

2
. . - 4
Using the above finding, we sketch the graph y = % as shown below.
Y

x =3x-4
y=—

x-1




Follow up 5

Solution

gt

LY

To find the end-points, substitute the value of @ into x = cos @, y =sin’ 6.

When 6=0:x=1y=0
Whené?:%:x:O,y:l

When f=7:x=-1,y=0



Follow up solutions C2 (6-12)

Follow up 6
Solution

(a) Substitute 7 =0 into x =¢—2.

NORMAL FLOAT DEC REAL RADIAN MP n

Hir=T-2 Yar=T-2+(14(T-4..
T=0
¥==2 Y=-2.2E

Lx=-2
. . 1
Substitute t =0 into y=¢-2+ —a
Soy=-225
Coordinates P(—Z,—2.25) NORMAL FLOAT DEC REAL RADIAN HP n
Alternative Method (GC)
We can use GC to find the coordinates of the point P
as shown on the right. 4
T=0
(b) Givenx=¢-2
Express t =x+2 cccoovevennne (1)
Substitute (1) into y =t -2+ t%
1 NORMAL FLOAT DEC REAL RADIAN MP n
y=(x+2)-2+4—-—
(x+2)-4 ; V
=x+
4 x=2

Cartesian equation of Cis y = x +

x—=2

el

© ,
A
\3.4) ~"
ey =x
o :fl,()}
Pl
ix=—2




Follow up 7

Solution

()

A
(x+3) +(y+1)7 =4

Circle with centre (=3, —1) and radius 4 units.

Note:
Lines of symmetry : any straight line passing through the centre.

(b)

X+ +2x—4y=0
()C2 +2x+1)+ (y2 —4y+4)—5=0 < (express the x terms and y terms in perfect square form)

(x+1)2-1-(y—2)2 =5

o

Circle with centre (—1, 2) and radius 5 units.



Follow up 8
Solution

(4x* —16x)+(9y*> +18y) =11
(4x2—16x+4)+(9y2+18y+9):11 < (express x terms and y terms in perfect square form)
4x* —4x+4)+90° +2y+1) =1
4(x-2)° +9(y+1)2 _ﬁ

36 36 36

2 2

(-2 e

9 4

(=2 0+ _,

3’ 2?

Centre of ellipse is (2,—1).

Follow up 9
J"
Solution 4
1L
G-, 02 G N
4 9 o] ; .
1) — =)\ .
(x221) A ; U (1,-2)
Ellipse, centre (1, —2). 3

Note:
Lines of symmetry :x =1and y =-2



Follow up 10

Solution
2
Given ——y'=
(=0 _(-0° _,
2? 1
X,
X 20
4 y
X
Y 4
x2
=4, [—
Y \ 4
X
:i—
Y 2

Equation of the asymptotes are y = i%.

Lines of symmetry of the hyperbola are x =0and y = 0.

Note : The centre of the hyperbola is (0, 0).



Follow up 11

Solution

x*—4y* —2x-8y-39=0

()C2 —-2x)—(4y+8y)—39=0 < (completing the square)
(x=1>-1-4(»* +2y)-39=0

(x=1) =4[ (y+1)" ~1]-40=0
(x=1)*—4(y+1)> =36

(=D (+1’

———2—=1 < (Equation of hyperbola in standard form)

6 3

Lines of symmetry of the hyperbola are x =1and y = —1.

O R CEE
2 32
(=D (+D)’

6’ 3’

Consider

2 (x_l)z
(y+1) =z
(x-1)*
22
(G
2

(y+h==
y=%

_x 3 o= x 1
YT, YT

. x 3 x 1
. equations of the asymptotes are y = 373 andy=————.

2 2



Follow up 12

Solution
Given 36y —4x* =1
2 2
y X .
—— - == 1 < (express in standard form)
1 1
(o) (3
(a)

To find y-intercept, let x = 0.
36y° —4(0) =1

2

y:

I+ wl
o= T

y:

o2
6 6
To find x-intercept, let y = 0.
36(0)° —4x* =1
4x* +1=0

For all values of x, 4x*> +1> 0.

Hence, there is no x-intercept.

To obtain asymptotes,
consider 36y —4x* =0
36y° = 4x
2
2 _ X
Y 9
x
= i —_
T3

. X
.. the equations of the asymptotes are y = ig.




Follow up solutions C3 (1-6)

Follow up 1
Solution
(@) (b)
A A
0.6 Hoy=fn+2
_____________ i =5
[ -_..E.. (.3.’_2.) .......... y=2
o » X
(5.-3)
x=2
(© (d)
Y
A ,
(1 4))5 y=fx=-1)
:_'.‘.’.f.._.i. .................. y—3
L \4.0)
y=0 0
(63_5)




Follow up 2

Solution
(@)
y
A
0 :
x l: 1
(b)
y
A
= —f(x)
0 (3.2 -
//”\ y=-
X =‘1
©
y
: v=-0.5f(x)

0 G




Follow up 3
Solution

()

(b)

(26) y=1C29

0 é/(ms,o)
' 1

x=—



Follow up 4

Solution
(@)
y
A
(3. 1)
1
y=f| —x
y=0 (Sj
) >
(b)
y
A
(3,1




Follow up 5

Solution

Follow up 6

Solution




Follow up 7

Solution

x=-1
Follow up 8
Solution
(@)
Y
A
y=fQx+2) |
; y=3
.
]
X=—
2
(b)




Follow up 9

Solution

Follow up 10

()

»
L

y= f(‘x|+ 2)

(b)
y
A
y="1(x-1)
(1.0) >
(-3,0) 0 (5.0)
(-2,-1) @,-1)



Ejc 2019 midyear j1 /g3check question and check solution from the resource
Follow up 11

The graph of y = f(x) undergoes the following sequence of transformations.
A: Stretch with scale factor %parallel to the x-axis.

B: Reflect about the x-axis
C: Translate 4 units in the negative x-direction

. . . 1 . .
Given that the equation of the resulting curve y = BEVINTE find the equation of the curve before the 3 transformations were effected.

. . 1
Reversing the transformations on y = ————, we have
3x+13
y=——————— <replace xby (x —4), i.e translation of 4 units in the positive x-direction
3(x—4)+13
B 1
3x+1
1 . . .
-y=- < replace y by — y, i.e. reflection about the x-axis
3x+1
1
4 3x+1
1 2 . . . 3 .
y= 2 < replace x by —x, i.e. scaling with scale factor — parallel to the x-axis
3l —x |+1 3 2
3
1
Ty

*. the original equation is y =
2x+1



Follow up 12

Solution
y
; A 1
x=-3i b
e
(-2,1) Pé}
y=0 P




Follow up solutions C4 (1-13)

Follow up 1

Solution

| —
)

From the graph, the set of solution is {x:x e R, 0 <x < £}.
3

Note:

. . 1 .
The inequality cos x > 5 means we are looking for the set of values of such that the graph y = cos x

is above the line y =0.5.



Follow up 2

Solution

(a) 3x% +10x > 8
3x*+10x—-8>0
Bx-2)(x+4)>0

. x<—-4 or x>2
3

(b) x(x-4)<x
X —4x-x<0
x'=5x<0
x(x=5)<0

x>5o0r x<0

Lk

<

n



Follow up 3

Solution

()

(b)

—x*+2x-3<0

X2 =2x+3>0
(x— 1)2 +2>0 < By completing the square

(x—1)* +2 is always postive, for every values of x.

~xeR

(x—1* <2x-3

x'—2x+1<2x-3

x'—4x+4<0

(x—2)*<0

Since (x—1)> +2 >0, for every values of x.

x has no solution.

y=x*—2x+3

y=x'—4x+4




Follow up 4

Solution

Given (2x—1)(x+2)(x+1)>0

o =2<x<-1or x>l
2

Follow up 5

Solution

(@)
xt+ P <8x +12x
x4+ -8x*—12x<0

x(x=3)(x+2)°<0

x=-2 or 0<x<3 T e o . >

(b)

x<0,x#-2o0r x>3

= O



Follow up 6

Solution

(a) Given

4
Hence ——<x<1

(b) Given x+2<

x+2<

-1 <0
3x+4

30
x+1

Cx#E-1
x+1

x+2—£$0

(x+2)(x+1)-30 _

x+1

X +x+2x+2-30 <

x+1

0

0

2
x +3x-28 <

x+1

(x+7)(x—4) <0

x+1

- =
Hencex<-7 or —1<x<4

. -1
(¢) Given T

2
X

x—-1>x7

X —-x+1<0

2
(x—lJ +é<0
2 4

. . 5. .
< cross multiply since x”~ is always positve

2
For all real values of x, (x —%) >0

2
. (x—l) +§>0.
2 4

.. there is no solution of x.

EEN ]



Follow up 7

Solution

To solve 3<L£2.
x—1

Consider —3<—— iiiiieieeee 1)

and —— <2 e 2)

N
=
|
(%]
Vv
WO
—

—

SN ]

x—1
x<l or x22 v 4)

Consider (3) and (4) and draw the number line as shown below (Taking the overlapping lines):

- O ® > (2)
| | |
] |
3/4 1 2

Hence, x <% orx=>2.



Follow up 8

Solution

2
Given 2x +5x+92x_4
x=17
2
M—(x—@so
x-=17
2
26 45149 (A=) _,
x=17
g 2
2x"+5x+9—(x _11x+28)<0
x—7
2x2+5x+9—x2+11x_28<
x—7 <
2
X +16x-19 _
x=1
G+ -8
x-7
(x+8+\/§)(x+8_\/g)<o
x-7 <

0

x<-8-+/83 or 83 —8<x<7

+

883 83-8

7

\j



Follow up 9
Solution

3x
a) Given — >
@) xP—6x+11

Since x* —6x+11=(x—3)>+2> 0 for all real x
3x>2(x* —6x+11) < cross-multiply since x* — 6x +11 is always positive
2x" —15x+22<0
(x-2)2x-11) <0

.'.2<x<E 2
2

|20

Altenative Method
3x
x*—6x+11
3x—2(x* —6x+11) S
x*—6x+11

2x% —15x+22
ey O
x"—6x+11
(x—22)(2x—11) <0
x —6x+11
Since x* —6x+11= (x—3)> +2> 0 for all real x
(x=2)2x-11)<0

>2

0

2<x<1—1
2

3e”
—_— >
4™ —12¢" +11

3(2¢")
(26" —6(2¢ ) +11

Replace x by 2e” in (*)

(b)

2<2e)‘<E

2
1<e"<E
4

Hence 0 < x < ln%



Follow up 10

Solution

(a) Given |x-2]<3

(b)

(c)

-3<x-2<3

-1<x<5

Given |x+2|>3
x+2>3 or x+2<-3
x>1 x<-5

x>1 or x<-5

Given —1<[3x+1|<5

~1<]3x+1] and  Px+1<5
xeR =5<3x+1<5
—-6<3x<4

—2<x<i

3

—2<x<i
3



Follow up 11
Solution

(@@ Given  [2x+1|>|x—1]
|2x+1[ >|x=1]  <square both sides
Qx+17>x-1)"  «|x[ =¥
4 +4x+1>x" = 2x+1

3x* +6x>0

3x(x+2)>0 + -

ox<=-2 or x>0

-1
2x+3

| x—1]>] 2x+3|

(b) Given >1

(x—1) > (2x +3)?
x> =2x+1>4x" +12x+9
0>3x" +14x+8
3x* +14x+8<0
ie. Bx+2)(x+4)<0 N

—4<x<—g
3

(¢) Given x*-3x|-420
|x|" =3[ -420
(x| =4)(x|+D=0
|x|=4 or |x]<-1 (NoSolution)

x>24 or x<-4



Follow up 12
Solution

Sketch the graphs of y = |x - 2| andy = |2x + 1|.

NORMAL FLORT AUTO REAL RADIAN MFP n NORMAL FLOAT AUTOD REAL RADIAN MP u

Plotli Plot2z Plot2

ENY1LB1X-2]

ENY 2B 2X+11 :
ENY 3= |
ENYa= }

E\Ys= -3 B
\Ys=
ENY 7=

ENYsg=
ENYa=

. . . . 1 .
The x-coordinates of 2 intersection points are x = =3 and x = 3 respectively.

From the graph, for |x - 2| < |2x + 1|

. x<-3 or le
3

Follow up 13

Solution

A =1 i)
(11.6,1.75) "(2
(2.80,0.337) (13.2,1.89)

From the graph, 0<x<2.80 or 11.6<x<13.2



Follow up solutions C2 (14-20)

Follow up 14

Solution

To solve the equation = x—1, we use GC to find the intersection between the two graphs as shown.

xX—
NORMAL FLOART DEC REAL RADIAN MP n NORMAL FLOAT DEC REAL RADIAN MP n NORMAL FLOAT DEC REAL RADIAN MP n
CALC INTERSECT CALC INTERSECT

Plotl Plotz Plots VSR VSR
............ R ALITRIT RN
I\Yiaﬁ
ENY2BX-1
ENY 3=
ENY4=
ENY5=

NYe=
ENY 7= Intersection Intersection

¥=-0.44949 ¥=-1.44949 ¥=4.4494397 ¥=3.4494897

From GC, x =-0.45 or 4.45

Follow up 15
Solution

To solve a polynomial equation (such as 4x’ —2x +1 = 0), we can use polynomial finder as shown.

NORMAL FLOAT DEC REAL RADIAN MP n NORMAL FLOAT AUTO REAL DEGREE MP n NORMAL FLOAT AUTO REAL DEGREE MP n
PLYSMLT2 APP PLYSMLT2 APP PLYSMLT2 APP

AN, MENU BOLYNOMIAL — ORDER 3 A3+ Bx24] 2xs 1=0
FEPOLYNOMIAL ROOT FINDER . ) B P R B ST
2:SIMULTANEOUS EQN SOLVER e le @ | x:B-0.8846461771
3:ABOUT

4:POLY ROOT FINDER HELP
S:SIMULT EQN SOLVER HELP
6:QUIT APP

[MATNTMODE ICLEARIT OAD ISOLVEll |[[MAINTMODE ICOEFFISTOREIF<»D 1

From GC, x =—-0.88 (correct to 2 dp)



Follow up 16

Solution
A+C=4 i (1)
BA+D+C=2 i 2)
9a+2b+C=16 .eieereeeeeeeeee 3)

Using GC, a=1,b=2,c=3

Follow up 17
Solution

Let the equation of the cubic curve be y = ax® + bx* + cx +d.
Given that the y-intercept is —4, i.e. when x =0, y =4.
Ld=-4
The cubic curve passes through the points (1,-3), i.e. x=1, y =-3.
Substitute x =1, y=-3 into y = ax’ + bx’ +cx +d
3=a+b+c-4
1=a+b+C oo 1)
The cubic curve passes through the points (2,12), i.e. x=2, y =12.
Substitute x =2, y =12 into y = ax’ + bx* +cx +d
12=8a+4b+2c—-4
16=8a+4b+2C ccoveverernen. 2

The cubic curve passes through the points (3, 59), i.e. x =3, y =59.
59=27a+9b+3c—-4
63=27a+9b+3c

Use GC to solve (1), (2)and 3): a=3, b=-2,c=0

Ly=3x-2x" -4

Follow up 18

Solution

Let x, y and z be the number of packs of chicken, mutton and beef that Mrs Tan have to buy.
7.45x+4.60y +8.952=89.70 ...(1)

7.20x +4.40y +8.70z =86.80 ...(2)

7.15x +4.45y +8.90z =87.40 ...(3)

Using GC,x=12, y=1landz=4

Mrs Tan has to buy 12kg of chicken, 1kg of mutton and 4kg of beef.



Follow up 19
Solution

Let x, y and z be the number of successful spins that won 40, 60 or 100 coins respectively.
X+y+z=2395%x0.8
40x+ 60y +100z =117640
(0.25x40x)+(0.35x60y) +(0.40x100z) = 40255
From G.C.
x =836, y =595, z =485.

Hence, there were 485 spins won 100 coins that month.

Follow up 20
Solution

(a) Ifx,y and z represents the number of 4.2-metre, 5.3-metre and 6.4-metre trucks leased respectively, we set up the
following pair of equations with the information provided.
10x+20y +40z =800

x+y+z=25
Using GC
NORMAL FLOAT AUTOD REAL DEGREE MP n NORMAL FLOAT AUTOD REAL DEGREE MP n
PLYSHLT2 APP PLYSMLT2 APP
SYSTEM MATRIX (2 X 4) SOLUTION SET
[Em——e % R0 ] x 1B -30+2x3
x2=55-3x3
X3I=X3
[SYSMI(L,1)=1@
[MAINMODE ICLEARI LOAD ISOLVEl [MATINMODE I SYSM ISTOREI RREF 1

Solving in terms of z (see diagram 2) we obtain

Since x, y and z are all non-regatime integeas
From (1): 2z-30>0
z2>15
From (2): 55-3z2>0
z<18
hence, 15<2z<18

Substitute these four values (z =15,16,17,18) into (1) and (2) to get the corresporeding x and y values.

The possible combinations of the number of each type of truck that the company could lease
are (0, 10, 15), (2, 7, 16), (4,4, 17) and (6, 1, 18).



(b) Calculate the total rental charges for each type of truck, as shown in the table.

Possible combination (x, y, z) Total rental charge:115x+150y + 200z
(0, 10, 15) 4500
(2, 7, 16) 4480
(4, 4,17) 4460
(6, 1, 18) 4440

For the company to achieve minimum daily leasing cost, the company needs to lease 6 of 4.2-metre trucks,

1 of 5.3-metre truck and 18 of 6.4-metre trucks.



Follow up solutions C2 (1-5)

Follow up 1
Solution
Let u, =2n" +1 cccovereen. (1) NoRreL rLOAT beC seAL RAOTAN HP ) [ENORMAL FLOAT DEC REAL RADIAN HP
Plotl Plet2 Plot3 win)
Substituting 7 =1 into (1) gives u, = 3. TYPE: BTl  stamel)  SEQGne2) 3
nMin=1 %g
I 4 . _ Bu(n)B2(n)2+1 51
Substituting n = 2 into (1) gives u, =9. Lc1)B3 o
o _ _ u(2)=n 129
Substituting # = 3 into (1) gives u, =19. "'-\(fif)?)= 163
vill= 243
o . . v(2)=
Substituting » = 4 into (1) gives u, = 33. n=1

Alternatively, we can use GC to determine the values.

Follow up 2
Solution

Given u, =1 and u,,, =3u, —1.

n+l
u, =3u, -1 < u =1
=3(1)-1

=2

u, =3u, -1  <u, =2
=3(2)-1

=5

u, =3u, -1 <u, =5
=3(5)-1

=14

NORMAL FLOAT DEC REAL RADIAN MP
PRESS + FOR aTb1

Alternatively, we can use GC to determine the values.

Flotl Flotz Plot3 u
TYPE: SEQ(») EEIFIEE]  SEA(n+2) %
nMin=1 5

Enu(p+1)ERu(n)-1 b
u(l)Bel 122
u(2)= 365

Bvi(pt+l)= aoat
v(l)= 9842
vi(2)= 29525

Bwin+l)= n=1




Follow up 3
Solution
@ x,=09x, ,+90,n=1,2,3...

(b) x,=0.9x,_,+90
=0.9(0.9x, , +90)+90
=0.9"x, , +0.9(90) +90
=0.9°(0.9x, ; +90)+0.9(90) +90
=0.9"x, , +0.97(90) +0.9(90) + 90

0.9"x, +0.9"7(90) +...+0.9%(90) + 0.9(90) + 90

1-0.9"
=0.9"x,+90 0.9
1-0.9

=0.9"x, +900(1-0.9")
=0.9"(x, —900)+900 (Shown)

Follow up 4

Solution

u,= Sn - Sn—l
=@ -n-@" -
gy
=2 (2-1)
_

nth term of the seriesu, = 2",



Follow up 5

Solution
(a)
un = Sﬂ _Snfl
=n(2n+c)—(n—-1)(2n-2+c)
=2n" +cen—(2n* =2n+cn—-2n+2—-c)
=4n-2+c
(b)

u,=4n-2+c < (replace n by n +1)
u,, =4n+1)-2+c
=4n+4-2+c
=4n-2+c+4
=u,+4 (Shown), where k =4



Follow up solutions C5 (6-13) Arithmetic

Follow up 6
Solution

Take -5-2=-7
and -12-(-5)=-7

.. the common difference = —7

Adding —7 to each of the next two term,

.. the next two terms of the sequence are —19 and —26.

Follow up 7
Solution

nth term formula for AP:u, =a+(n—-1)d

First term, a =2

common difference, d =7

Substitute a =2 and d =7 intou, =a+(n—-1)d.

u,=2+(n-1)x9
=9n-7

Substitute n = 50 into u, =9n—7.
Uy, =9%x50-7
=443



Follow up 8
Solution

Let u, be the general term of arithmetic progression.

Formula: u, =a+(n-1)d

Given u, =7 < 4th term = u,
a+3d =T oo )
Also given
U, =16 < 10th term = u,|
a+9d =16 ... (2)
(2)—() gives
6d =9
d=15
Substituting into d =1.5 to (1) gives
a+4.5=17
a=25

First term = 2.5, common difference =1.5.

Follow up 9
Solution

Let 7, be the general term of arithmetic progression.

From the given information: The largest piece of wood is 5 times the length of the smallest piece of wood.

ie T, =5T,
a+6d=>5a < (Formula: u =a+(n-1)d)
6d =4a
3
—d=Aeeeeeeeenn 1
2 )]

Also given information: The length of third piece of wood is17.5 cm.

ie T,=175
a+2d =175
3d+42d=175
2

1
3-d=175

2

A=5 e, )

Substituting (2) into (1) gives a = %

The length of the smallest piece is % cm.



Follow up 10

Solution
u, = Sn _Sn—]
=n’ +3n—[(n—1)2 +3(n—1)}
=n’ +3n—[n2 +n—2]
=2n+2
". nth term of the series is 2n + 2.

u,, =2n+1)+2
=2n+4

=2n+4)-2n-2
=2

Since the difference between any two consecutive terms is the same, the sequence is an A.P.

Follow up 11

Solution

(a) Intheseries,a=4,d =-7 and n =35.

Using the sum formula of AP: S, = g[Za +(n- l)d]

Sy = 3—25[2(1 8)+34(-7)]

=-3535

(b) Intheseries,a =152,d =-3 and [ =u, =50.
Using the nth formula of AP, u, = a+(n—1)d to find n.
50=152+(n—-1)(-3)
—102 =(n—1)(-3)
34=n-1
n=35

Use S, :g(a+l)

S, =3—25(152+50)

=33 1524 50)
2
=3535



Follow up 12
Solution

(a) Use u, =a+(n-1)d, where a =10, u,,, =1, n =100
Uy =10+ (100-1)d
1=10+99d
1

d=——
11

.. the common difference is 4

Use S, :§[2a+(n—1)d], where a =10, d :—%, n=50

50 1
S, = 7{2(10) +(50— 1)(—Hﬂ

4275

11
275

.. the sum of this fifty terms of this series is

(b) Solution

Use S, = %[2a+(n—l)d], where S,, =234, d =02, n=18

234 = %[u +(18-1)(=0.2)]

26=2a-3.4
29.4=2a
a=14.7

.. the first term is 14.7



Follow up 13
Solution

Given T, =52
a+11d =52 .. o
and
S, =756

%(2a+17d) =756

20+17d =84 oo, )

Solving (1) and (2) gives

5d =20
d=4
Substituting d = 4 into (1) gives
a+11(4)=52
a=8
e e rmm—
To find S, >2000 A A s SRR o
E\Y1BD$ (2#8+(X-1)%4) 2o
n 2000
5[2(8) + (n _ 1)4] > 2000 .\Yz Eze@@ ................................... gggg
ENY 3= 2008
. _ N 2000
Using GC, the least nis 31. ENYs= 2000
\Y§= 2000
ENY?=




Follow up solutions C5 (14-22) Geometric

Follow up 14

Solution

. 21
Common ratio, » = -

=3

nth term formula for GP: u, = ar"”'
First term, a = 7
Common difference, r =3
Term, n=38
Substitute @ =2, ,n=8 andd =7 into u, = ar""'.
ug =ar"”’
=7(3)*"
=15309

8th term of this geometric progression is 15309.



Follow up 15

Solution

3 n
(a) Sn—l—(k—zj
3

n-l1
Replacen byn—-1, S, , =1- (k —Zj

nthterm=S, -S|

e

3Y(7
3G
by Lot A4

3. . .
k— Z is constant since k is a constant.

Hence, the series is in geometric progression.



Follow up 16

Solution
Solution
Given u, =12 < Use nth formula of GP, u_ = ar""', where n = 2
e, ar=12 i @
Also u, = 27 < Use nth formula of GP, u, = ar'", wheren = 4
AP = 2T e 2
. 2
Taking @
)]
27
===

12
r=1.5 or r=-1.5 (Rejected since all the terms are positive)

.. the common ratio is 1.5.

Substituting » =1.5into (1) to find a.
a(1.5)=12
12
a=—-
(1.5)
a=38

.. the first term is 8.



Follow up 17

Solution

. . . . 2
(a) From the given information: First term, a =3 and common ratio, » = 3

=865

(b) Given that the third term of a geometric progression is nine times the first term.

i.e.  3rd term = 9 x first term
ar* =9
r=4%3

Also given that the sum of the first six terms is & times the sum of the first two terms.
ie. S, = kS,
a(r* 1) ka(r’-1)

r—1 r—1
ré—1
k:
-1
rf—1
Substitute » = 3 into k = — o
2 —
k=91
rf—1
Substitute » = =3 into k = — 5
2 —

k=91

Hence, k£ =91.



Follow up 18
Solution

. v, .
(a) To prove the sequence is GP, we need to show —— is a constant.
v

0

_2
3

n-1

Yy 2 which is a number, the sequence is a GP. (Shown)

v

Since

n-1

. 1(2Y
(b) Given v, :E(EJ < substitute n = 1

.. the first term is é
.2
Common ratio = 3 (from (a))

Vi, Voo Vy+o 4V, < sum of first 2n terms

2n

1 2
| B Y

a(l-r") 2 1

< use sum GP formula: S, = , where n =2n, r =— anda = —

3 3

1-r



Follow up 19
Solution
Let the areas of thesectorsbe A, A,,...... A,,.

Given that the area of the eighth sector is twice the area of the smallest sector
ie. Ay =2A,
A, +7d =2A,

Sum of all the areas of sectors = Area of the circle

%[ZAI F20d] =77 o ()
Substitute (1) into (2)

%[1451 +21d] = 7r?

11[35d] = 7r?
d= L7rr2
385
Let the angle of the largest sector be 6.

1
Area of the largest sector sector, A ,, = Erzﬁ

A,,=A +2ld  <In(l),since A, =7d)
A,,=7d+21d
=28d

l,ﬂg =28 L7rr2
2 385

_sx
55

0



Follow up 20

Solution

(a) From the given information: ¢ =10000, » =1.1and n=7.
U, =(10000)(1.1)""
=17715.61
The value of the donation in 2016is $17 715.61.

(b) From the years 2010 to 2016, inclusive, there are 7 years,i.e.n = 7.
_a(r"-1)
-1

B 10000(1.17 —1)
11—l
=94871.71

S

i < use sum of AP formula

Total value of the donations made during the years 2010 to 2016, inclusive is $94871.71.



Follow up 21
Solution

(a) Let A, be the distance travelled by Alex on Day n.
A, =1000 + (10 —1)(=5)
=955km

(b) Let G, be the distance travelled by Gopal on Day .
G, =1500, G, =1500(0.98), G, =1500(0.98)*, .., G, =1500(0.98)""*
G,, =1500(0.98)"""
=1355.88 km
~ 1356 km (Correct to nearest whole number) (Shown)

(¢) Total distance travelled by Alex by the end of Day 100

= %[2(1 000) + (100 - 1)(-5)]

=75250km

Total distance travelled by Gopal

1500 +1500(0.98) +...+1500(0.98)" + ...
_ 1500

- 1-0.98

=7500 km < 75250 km

Hence, Gopal is unable to complete the journey.

(d) Total distance travelled by Gopal at the end of Day n
=1500+1500(0.98) +...+1500(0.98)"
1500(1-0.98"*)
T 1-098
Total distance travelled by Alex at the end of Day n—1
=1000+995+...+[1000 + (n —1 - 1)(-5)]
n

; ! [2(1000) + (n —2)(-5)

Given that the total distance travelled by Gopal at the end of Day n exceeds the total distance travelled by Alex at the
end of Day n—1

ie. ”7_1[2(1000) 4 (n—2)(5)] < 13000~ 0.98"")

1-0.98
n-1 1500(1-0.98""*)
—[2(1000) + (n - 2)(=5)] - ————— <0 n-l v ey7 1500(1-0.98"")
[2(1000) + (n —2)(=5)] 1098 n | 20000 (25—
10 258.18
Using G.C., theleast n =11. (See table) m 115.59
12 467.77

Total distance travelled by Gopal by the end of Day 11
150001 - 0.98'""%)

1-0.98
=9890.585 km

=9891 (Correct to nearest whole number)



Follow up 22

Solution

(@)

Year Amt at beginning of year

) 1000

) 1000(0.04) 50

) [1000(1.04)—50(1.04) - 50
=1000(1.04)" —50(1.04) —50(1.04)’

(4) [1000(1.04)2 —~50(1.04) —50}(1.04) ~50

=1000(1.04)" —50(1.04)" —50(1.04)" —50(1.04)"

By observation:

For (n+1) year  1000(1.04)" —50(1.04)"" —....=50(1.04)' —50(1.04)’

Amount at beginning of the (n +1)th year :
=1000(1.04)" - 50(1.04)”’1 ~....=50(1.04)-50(1.04)"

=1000(1.04)" —50{ (1.04)" +(1.04)+ (1.04)"}

—1000(1.04)’ 50[104 +(1.04)+..+(104)" |
=1000(1.04)’ 50{

(1)(1.04" —
(1.04— 1)

=1250-250 (1.04)’

= 1250[1 - %(1.04)"} ........................................ (1) (Shown)

(b)
After 20 years, i.e. n = 20. Substituting n = 20 into (1)
Amount at the end of the 20th year

:1250[1 - %(1.04)2"}

=702.2
. the amount the Caitlin has after twenty years is $703.

Let the number of years to be lasted be £.

ie. 1250{1 —%(1.04)"}:0 <lsubstituten:kint01250[l —1(1.04)”}
5

k =41.035

it will last for 41 years.



Follow up 23

Solution

(@)
Asn— o, n* +1 >
.. the sequence u, diverges and the limit of the sequence does not exist.

(b)

o o1

— ki n 3 2
=lm| — q4Asn >0, ——>0, —>0, — >0
n—w n n n

=4

.. the sequence a, convergesto —4.

.. the sequence u, converges to 0.



Follow up 24
Solution

Reading in the table, the sequence decreases and

converges to 5.108.

Follow up 25
Solution
Given S, —1+271
n+2
n 1
J— J’_i
=1+ 1
n,2
n o n
1+l
=1+—=n
2
1+—
n
Asn— o,
1+ 1
ie. lim S, = lim| 1+—2
n—w n—w 2
1+=
n
=1+1
=2
S, =2
Follow up 26
Solution

. secondterm 4
(a) Common ratio =————=—
first term 5

) S, =

NORMAL FLOAT DEC REAL RADIAN HMP n

Plotl FPlot2
TYPE: SEQ(#)

Plot3
[SEQC+1) TG T]

MORMAL FLOAT DEC REAL RADIAN MP
FRESS + FOR aTb1

7 u

u(1)B83
u(2)=
By (ntl)=
v(1)=

51085




Follow up 27

Solution

2 3
. X X .
Note that the series 2 + x + 7 +7 + 1s GP

Given that the series converges, therefore the sum to infinity exists.

The common ratio must be |7 |<1.

X

ie. <1




Follow up 28

Solution
(@)
Given the first 2 terms of a geometric progression are x and y,
so the first term, a = x and common ratio, r = Z.
X

It is also given that sum of the first # terms is equal to the sum to infinity of the remaining terms.

1.e. S =S, -5,
28 =S,
a 1—()})
X o
2— i__4 < Recall formula: S, = ad-r’)

y y 1-r

1-= 1-=
X X




(©)
S, —5.|<0.001

3230 (=1) <0001
4 4 3
1)1
1—(——) <0.001
3

(—lj <0.001
3

Y 4
(3) <§(0.001)

nln (%) <In {?(0.00 1)}

ln%(0.00l)

n>

lnl
3

n>6.03

Alternatively, we can use GC to obtain the answer.

<0.001

sl

MORMAL FLOAT DEC REAL RADIAM MP n

Plotl Plotz Plot3
3_3 1%

“YiE'W'W[l_['?] ]l
ENY 280,001

ENY 3=

ENYa=

ENYs=

NYe=

ENY 7=

ENY =

NORMAL FLOAT DEC REAL RADIAN HMP
PRESS 4 T0O EDIT FUNCTION
X

=0 0~ O 1 E W D
=
=
o
w3
[
<
o
o
=

=3
.
o
T
1
&
o
=
I

¥1=0.00102880658436




Follow up 29

Solution

(a) From the given information: a =2000 and » = 0.99

Maximum number of watermelons which can be harvested from this farm in the long run
~ 2000

T 1-0.99
=200 000

< use sum of infinity formula

(b) Let T, be the month where the farmer harvests less than 500 watermelons.
T <500
2000(0.99)"" <500

(n=1)In0.99 > 1n (%} < Take In both sides

( 500 J
In| 2
2000
>~ 7
n0.99
n>138.9

Hence, total number of months of havesting =139

The last harvest month is on July 2019.



Follow up solutions C4 (1-6)

Follow up 1

Solution

9
(a) Zr2 =14+4+9+16+25+36+49+ 64 +81

r=1

6
(b) > (11-8k)=3-5-13-21-29-37

k=1

Follow up 2

Solution

(@ D27 =2+2"+27+..
r=0

. - 2 3 4 n
b -1 r+l X =£_x_+x_—x—+...+ -1 m x—
® X [—M] PRI

Follow up 3

Solution

NORMAL FLORT AUTOD REAL RADIAN MF u

15
&> 3 (3+2)
X=6

(* +2)=14195

F=6 free e A




Follow up 4

Solution

6
(a) 4+8+16+32+64+128=) 2"

r=l1
20

(b) 1x2+4x3+7x4+10x5+..t0 20 terms = > [(3r—2)(r +1)]

r=1

Follow up 5
Solution

@ ! 1 1 1 L (-1

- + - oot =>
BB (5)6) (6)(7) Qn+D)2n+2) S (r+1)(r+2)

() I-x+x"—x"+...= Z:(—l)”rxH
r=1



Follow up 6

Solution

(a) Zn: [r(3r - 1)]

_n(n+1)(2n+1)

r=1
n n n
=3 (EJ (n+1)(2n+1) —E(n +1) < take out common factor, E(H +1)
n
=E(n+1)[(2n +1)+1]

=§(n+l)(2n+l—l)

:nz(n+1)

(b) Zn:(s* ~10)

2n 2n n no_ n
=Z3r—210 <1use2a"=a(r—ll) andZazan
r=1 r=l1 r=1 r— r=1
2n _
= 36 D —-(2m)10
3_
2n
_ 33 )] 20m
2

30

(© Y (a** +ka)

k=1
30 30
Y (@)+a) k
k=1 k=1

2(1_ 2030
M+a[30](30+1>

2

n n n
2
-3 I AR C AL D S
r=1 r=1 2 r=l

n(n+1)
2




Follow up 7

Solution
15
@ D .(r+2)
r=6
15 15
= Z P+ z 2
r=6 r=6
15 5
=X =Y P +(15-6+1)2
r=1 r=1

=%(152)(15+1)2 —%(52)(5“)2 +20
=14195

(b) i(r+3n—n’)

=Zn:(r+3n)—i(n’)

n n+]_
LI A Uil )
2 n—1

_9n(n+l) n (n"*"' =1)
2 n-1

n




Follow up 8

Solution

(b) > log,(2a")
r=-2
=log,(2a*)+log,(2a™") +...+log, (2a")

=log,(2a” x2a"' x2a’ x...x2a")

2n—(—2)+1a—2—1+0+1+2...+zz)

=log,(

n+3
LA, FI
=log [2’“351 2 ]
a

Alternative Method

> (log, 2+7r)
r=-2
= Z log, 2+ Z r
r=-2 r==2
= (n+3)log, 2+"T+3(—2+n)

= %(n +3)(2log,(2)-2+n)



Follow up 9

Solution

(b) 2°+4>+6" +....+(2n)’
=X
_i$
- 4[%(;1 +1)(2n+ 1)}

=%(n+l)(2n+l)

P+3+5 +..+2n-1)
=(P+22+3+.+2n)) -2 +47+6° +...+(2n)")
n 2n . .
= g(Zn +D)(4n+1)— ?(n +D(2n+1) < obtained the result in (a) and (b)

:M(4n+1—2n—2):§(4n2—l)



Follow up 10

Solution

ﬁ“(z"*z +3n)

n=1

N N
=>2"743>"n
n=1

n=1

=@ +2° 4. +2YH) 431 42+...+N)

:w+3[ﬁ)(1\7+1)
2-1 2

= %[z’v —1+3N(N +1)]



Follow up solutions C7 (1-10)

Follow up 1
Solution

fi(x) = lim flr+6x) —f(x)
620 (x+J0x)—x

1 1

e\ 2
— lim (x+0x)" «x

Sx—0 ox
x> —(x+6x)
2.2

— lim (x+0x)"x

Sx—0 ox

2 2 2

lim > (x +2x§x;|—(26x) )

0x—0 ox(x+9x) x

—2x6x —(5x)*
= me— 7 5
50 Sx(x+0x) x

—2x—(0x)
= am-—
50 (x+0x)"x
. —2x

(x)2x2
2



Follow up 2

Solution

Follow up 3
Solution

3
y=ax

dy

2
— =3ax

Follow up 4

Solution
2
y= x2 — 2x3 +§x

d—y:2x—6xz+E
dx 3

Follow up 5

Solution

d 1y
—{Zx3 —5x3]
dx
1 5 2
:2[2)(3 —5x3](6x2 -=x 3]
3
1 5
:2[2x3—5x3J 6x’ ——
3x3



Follow up 6

Solution

b=
dx\/5x-2
= %{(Sx— 2);j

=[—%j(5x—2)'§(5>
5

3

2(5x—2)2

Learning Point:
It is not correct to write your working as follows:

iwlw)



Follow up 7
Solution

y= X (x+1)2
% =x’ %(x +1)% +(x+1)° %(ﬁ) < use product rule
= x2(x+1)+(x+1)* x3x°
=2x"(x+1)+3x%(x+1)°
=x*(x+D[2x+3(x +1)]
=x*(x+1)(2x+3x+3)

=x"(x+1)(5x+3)

Hence % =x*(x+1D(5x+3)

Follow up 8
Solution

_ X
YT ox+s
y=x2x+5)"

% =—x(2x+5)7(2)+(2x+5)7"' (1)

3 2x N 1
2x+5)°  (2x+5)
_ —2x+(2x+5)

C (2x+5)
5

C(2x+5)




Follow up 9

Solution

d t

de 1
(4t +1)2

< use quotient rule

L | d 1
4t+1)2 —(t)—t— (4t +1)2
:( ) dt() dt( )

(W4t +1)°

(4t+1)% 0 —t@j (4t+1)’%(4)
B (ar+1y’

1 1
(A1) 241 +1) 2
(4t +1)

~ (4z+1)’% [(4t+1)-21]
- (41 +1)
_ ()

1

(4t +1)2 (41 +1)
2t+1

3

(2x+1)?




Follow up 10

Solution

(a) y=3tan(l1-2x)
dy ) d
—=3sec (1-2x)—(1-2x
o (1-2x) o (1-2x)

=3sec’(1-2x)x(-2)
=—6sec’(1-2x)

b)) y= cosec(3x —%)

d—y:—cosec 3x—£ cot 3x—£j><i 3x—£j
dx 5 5) dx 5
= —cosec (3x —Ej cot [3x —Ej x(3)
5 5

=—-3cosec [Sx - zj cot [3x - zj
5 5



Follow up solutions C7 (11-20)

Follow up 11
Solution

(@) Let y=2sec’(1-x)
y = 2[sec(1-x)]’

Y_ )P tan(l— o4 a-
dx—6[sec(l x)]” tan(1—x)sec(1 x)dx(l X)

= 6sec’ (1—x) tan(l - x)x (—1)
=—6sec’ (1-x)tan(l - x)

Learning Point:

Given [sinf(x)]", we can express
[sinf(x)]" =sin" f(x)

For example, [sin f(x)]2 =sin’ f(x)

The above result applies for all the trigonometric functions.

(b) Let y=cos(x*)
W ond
o sin(x )dx(x )
=sin(x*)x (4x7)

= 4x’ sin(x*)

Learning Point:

Given sin(f(x))", it is not correct to say
sin(f(x))" #sin”" f(x) or sin(f(x))" # [sin(f(x)]"
For example, sinx” # sin” x.

The above result applies for all the trigonometric functions.



Follow up 12

Solution

(a) Let y = cosec (%— 2x3]

d—y:—cosec £—2x3 cot Z—2x3 i £—2x3
dx 4 4 dx\ 4

= —cosec (f —-2x° j cot (Z —2x’ j x (—6x7)
4 4

= 6x” cosec (f -2x° j cot [f -2x° j
4 4

1

= “Jcot3x

1
=(cot3x) 2

Y_ —l(cot 3x)% (—cosec’ 3x)i(3x)
v 2 dx

(b) Let

3
= %(cot 3x) 2(cosec’ 3x)x3

_ 3xcosec’ 3x

2y/(cot3x)’



Follow up 13

Solution

(a)
%cos2 J1=2x

1
=2cosv/1—2x x (—sin+/1— 2x)%(1 —2x)?
L
=-2sin+/1-2x cos+/1—2x x (%(1 —-3x) 2(—2)]

_ 2siny1-2xcosv1-2x
J1-2x

(b)

i(sec(Zx +3))°

dx

=3(sec(2x +3))*sec(2x + 3) tan(2x + 3)(2)
=6sec’(2x +3)tan(2x +3)



Follow up 14
Solution

(@) y=cos2xcot’x
dy _ 2 2 3 .
— =cos2x(3cot” x)(—cosec"x) + cot” x(—2sin2x)

= —3cot’ xcos2xcosec’x — 2sin 2x cot’ x)

= —cot® x(3cos2xcosec’x + 2sin 2x cot x)

sinx

b >
®) J1—secx

1
dy v1—secx(cosx) —sinx%(l —secx) 2(—secxtanx)

dx 1-secx
1

_ V1—secx

((l —Secx)cosx+ %sin x(secxtan x)j

1-secx

%[2(1 —secx)cos x +sinx(secx + tan x)]

3
(1-secx)?

_ 2cosx—2+sinxsecx +sinxtanx
- 3

2(1-secx)?

2cosx — 2+ tanx +sinxtanx
- 3

2(1—-sec )c)E




Follow up 15

Solution

d o
—(cos™ 360
a0 ( )

_ 3

- Ji—@ey

3

J1-9¢?

Follow up 16

Solution

(a) y=-4tan"'(1-2x)

Y_

4

« 3122y

dr 1+(=2x)  dx

—4

ey

8

x(-2)

T 1t+4x

(b) y=sin"(Inx)

Y_

! X i(ln X)

dc  \I-(nx)? dx

1 1
J1-(Inx)’ (x]

1

xy/1-(In x)*



Follow up 17

Solution

Follow up 18
Solution

i (etan’1 2x )

2
=——7>X
1+(2x)?
2etan" 2x

144

tan! 2x

Follow up 19
Solution
y — 4COSX
= (In4)(4°*") 4 (cosx)
dx

dy cos .
— =In4(4°*")(—sinx
™ 4™ ) )

=—In4sin x(4°"")



Follow up 20

Solution

d
@ —In(-20)

B 2
T ol-x
2
) £i(x)= 2sec” 2x
tan 2x
2 cos2x
~ cos? 2x ( sin 2x )
B 2
© cos2xsin2x
B 4
~ 2sin2xcos2x
4
~ sindx

=4cosec2x



Follow up 21

Solution

(@) %an 2

=-2(In )c)_3 X l
X

2

- x(In x)*

(b) f(x)=In(Inx")
=1In(2Inx)
2

f' — X
) 2Inx

1

xInx

Follow up 22

Solution

(@) %(ln\/az—xz) <lnd’ =blna
=i(lln((12—x2 J
dxl 2

_l —2x
2| a* —x*

(b) %lg(tan x+1)

a1
=—| ——Ig(tanx +1
dx(lnlo gltanx )j

1 [ sec’x
In10{ tanx +1




Follow up 23
Solution

f(x)=Ine* +In(sinx) <Inab=Ina+1Inb
=xIne + In(sin x)
= x + In(sin x)
) =148
sinx

=1+cotx

Follow up 24

Solution

2
i[ln al +1J <lna’ =blna

dx 3x*+a

= %%[ln(xz +1)-In(3x’ +a)| <lnab=Ina+mb

_l 2x 3 6x
2l x*+1 3x*+a




Follow up 25

Solution

d . 2
—(siny+3
dx( y+3y7)

dy dy
=cosy—+6y—
T

Follow up 26
Solution

(Iny)* —3xy+x*—4=0
Differentiate both sides with respect to x :
21ny(le—y—(3xd—y+ 3yj +2x=0
y )dx dx

1 \dy dy
2Iny| — |—-3x—-3y+2x=0
(-

y
{m_3de_y:3y—2x
y dx

d_ Gy-20y
dx 2Iny-3xy



Follow up 27

Solution

Method 1:
Let y= xsech
Take In on both sides: In y = (sec2x)(Inx) < apply product rule on RHS

Differentiate both sides with respect to x :
1(dy 1

—| = |=(sec2x)| — |+(2sec2x-tan 2x)(Inx) < factor out sec2x

y\dx X

d 1
ay = ysec2x {— +2(tan 2x)(In x)} < replace y by x*°2
X

= x** (sec 2x) [l +2(tan 2x)(In x)}
X

Method 2:
d

sec2x
o (™)

:i(em(xmzx))
dx
i(e(sec 2x)(Inx) )
dx

— e(sec2x)(ln x) x

% ((sec2x)(In x))

1
= (29 (gec 2x) (—j +(2sec2x - tan 2x)(In x)
x

Product Rule

= X" (sec2x) [l +2(tan 2x)(In x)}
x



Follow up 28

Solution
Given y=+/e"cosx
¥’ =ecosx < square both sides

Differentiate both sides with respect to x,
d _
2y—y =e"cosx—e"sinx
dx

dy .
2y—=y"—¢e"sinx
ydx y

Differentiate both sides with respect to x,

dy ’ d’y dy . dy
2| = | +2y—==2y——(e"sinx+e*cosx) < replace e sinx by 2y—— 3 and replace e" cos x by y’
(dxj Yol ( ) P y 2y 7Y P Yy

dyY d’y dy dy 5
P I P PV A PP VRN
(]j yiz yi y] y y

) o, dy A
2| = | 42y—=-=4y—=-2
(dxj Yol Wy Y

&Y  dy dy
=20y 2 (Shown
(dxj ydxz ydx Y (Shown)



Follow up 29
Solution

Given x=02t+1)
Differentiate with respect to ¢

dx

—=2(2t+1)x2

" (21+1)x
=4(2t+1)

Also giveny = 2¢°
Differentiate with respect to ¢

Y e
dt

Using the Chain Rule, % =4

dt
64

3¢’

daf ),
dy_di|2(2+1)

dx’ 4(2c+1)
_ e+ 1
202t +1) 4(2e+1)
_ 3+
8(2t+1y’

4(2t+1)
2(21+1)
4l ¥
dx| 8¢ +4
_df 3
Cdx| 8t +4

) (8t +4)%[3t2] —3x

< see side working

. d
Z8t+4
][ ]

(8t +4)°

_61(8t+4)— 241’
(8t +4)
_A81% + 241 - 24r°
A+
24t +24r
A2 +1)
3t +1)

202t +1)



Follow up 30
Solution

Given X =t—sint
Differentiate with respect to ¢
dx
— =1-cost
dr
Also given y =1—cost

Differentiate with respect to ¢

d_y =sint
dt
Using the Chain Rule, Y = Y X de
dx dr dx
=sint x
1—cost

.t t
2s8In—Ccos—
- 2 2 < use double angle

1—(1—2sin2tj
2

t

=cot—

2
5 i cot —
dy dr 2

= =

d 2sin? =

1610w

=——cosec | — |x
2 2sin® =



Follow up solutions C8 (1-10)

Follow up 1
Solution

y=x(2x-1)(x+3)
y=2x"+5x"-3x

Y 6x+10x-3
dx
When x :1,%:6(1)2 +10(1)—3

=13

Gradient of the curve at (1, 4) is 13.

Follow up 2

Solution
y=2x"+8x7-9

Y gr—t6x

dx

Whenx=2, y=2(2)>+8(2)>-9
=1
and Y_ 42)-16(2)°
dx
=6
Equation of tangent passes through the point (2, 1) with gradient = 6 is given by

y—1=6(x-2)
y=6x-11

. 1
Gradient of normal = 5 <mm, =-1
. . . . 1. .
Equation of normal passes through the point (2, 1) with gradient = 5 is given by

1
=——(x-2
y 6( )

—6y+6=x-2
xX+6y=_8



Follow up 3
Solution

From the diagram, we note that the point (2, 7) lies on the curve.

Substituting (2, 7) into y = ax” + bx. y

»
I

7=a(2)’ +b(2) tangent

T =444 2b oo ) y=ax+br .7

Gradient of the line 12y +2x =1 s —é. \ »X

The line 12y +2x=11s L to the tangent. 12y+2x=1
.. gradient of the tangent at (2, 7) =6

d d
S _2ax+b < substituting Ey =6andx=2

6=2a(2)+b

Taking (1) —(2)
b=1

Substituting (2, 7) and b =1 into (1).
T=4a+2
S=4a



Follow up 4

Solution

(@ x=l+cosd y=sinf
E:—sint9 d—y:c059
dé do

Using chain rule

Y _b d
dx dr dx
cosé
:_sina9
=—cotd

Substitute x =1 into x =1+ cosé to obtain the parameter 6.
I=1+cos@

0=cosd

0==
2

Substitute 6 = z into d_y =—coté.
2 dx

&y
dx



Follow up 5

Solution

Using GC, we can obtain gradient at the point on the curve at the given parameter.

NORMAL FLOAT AUTO REAL RADIAN MP n

NORMAL FLORT AUTO REAL RADIAN MP n

Plotl Plot2 Plot3
K17 Be?T

Yir@T°
NKzr =1
Yeor
ENX3T
Yar
ENK4T
Y4t

NORMAL FLOAT AUTO REAL RADIAN MF n

ALCULATE]
1:value
PHdg/dx
3:dusdt
4:dx/dt

MORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP n
CALC DERIVATIVE AT POINT
Rir=e”(ZT) Yir=T2
T=0.5 dy/dx=0.1839396

From GC, the gradient at the point on the curve where ¢ = % is 0.184.

Alternative Method (analytical Method)

Solution
Given X =€ e, (1)
and BT O )
Differentiate (1) with respect to ¢
E — 2ezt
dr
Differentiate (2) with respect to ¢
oy,
dr
Using the Chain Rule,
d_dy dr
dx dr dt
1
= 2t X F
t
=
1
When ¢ =—
2
dy 1



Using chain rule

d_dy dx
dx dr dt

=2t

2

When ¢ =0.5, d_y =0.184
dx

. . 1.
The gradient at the point on the curve where ¢ = 5 is 0.184.



Follow up 6

Solution
(@) Given Xx=acos’@ ..o (1)
and Y=asin® @ ...coooooiieeeen. )

Differentiate (1) with respect to &
dr 3acos’ B(—sin H)
de

=-3acos’*@sin O

Differentiate (2) with respect to &
P _ 3asin® O(cos 6)
de

=3asin’ fcos

Using chain rule
& do
dx dé dx
_ 3a sin” @(cos )
—3acos’ sin @

_ sind

cosd
=—tand (Shown)

(b) Given point (acos’ p, asin’ p)
Substitute x = a cos’ p into x = acos’ € to obtain the parameter 6.

L O=p
dy
When 0 = p, =—tan
p 1 P

.. gradient of tangent at & = p is —tan p.

Equation of tangent to the curve at (a cos’ p, asin’ p):
y—asin’ p =—tan p(x—acos’ p) qQusey—y, =m(x—x,)
y =—(tan p)x+asin’ p+atan pcos’ p

<4 mm, = -1

Gradient of the normal at 8 = p is .
tan p

Equation of normal to the curve at (acos’ p, asin’ p):

y—asin’ p= (x—acos’ p)
tan p

1 . cos’
= x+asin’ p—a P
tan p tan p



Follow up 7

Solution
Given X =141 oo (1)
and B A OO )

Differentiate (1) with respect to ¢
dx

==
dr

Differentiate (2) with respect to &
Y3y
dr

Using chain rule

Y _ & a
de dr dx

1
=3* —1)x—
( ) %

37 -1
2t

Given that the curve has a tangent which is parallel to the line y = x +5, i.e. the gradient of this line is 1.
3P -1

2t
Bt+DH(E-)=0

1

t= ! (NA) orl
3
Putting £ =1 into (1) and (2) gives
x=(0)’+1=2andy=(1)’-1=0.

.. the coordinates of the point when ¢ =1 are (2, 0)

Substitute # =1 into the parametric equations:
x=(1)"+1 y="-
=2 =0

.. the coordinates is (2, 0).

Equation of the tangent at (2, 0) is
y-0=1(x-2)
y=x-2
Ly=x-2



Follow up 8

Solution
(@) GIven X =27 ..ccoeeervecieereenes (1)
1
y= T 2)

1
y= 2

*

5
_4
x2

. . . 4
. the cartesian equation the curve is y = —-. ..o 3)

X

(b) Differentiate with (3) respect to x

dyp 8
& X
Atx=2t,
dy 8
e (21
__1
=

. 1
Equation of tangent at [2t, —2j :
t

1 1
ST

1 1 2

—_— __x —_—

Equation of normal at (2t, sz :
t
15
y——5=t(x-20
t
1
y 7 =t£'x-2t

1
Y :t3x+t—2—2t4



. 1 .
(c) At the point P(4,Zj , the parameter of ¢ is 2.

o . . 3 x
Substituting 7 = 2 into the equation of tangent y = ———-.
t t

3 x

rTy

y=--—x

4 8

When the tangent cuts the y-axis, i.e x = 0.
o . 3.1
Substituting x = 0 into y = Z—gx.

301
=2-—(0
y=1 8()

Tangent

Normal

o . . 1
Substituting ¢ = 2 into the equation of normal y = ’x +——2¢*.
t

3 L_ 4
y=02)yx+ 7 2(2)

127
_gy- 12
7 4

When the normal cuts the y-axis, i.e x = 0.

o . 12
Substituting x = 0 into y = 8x —77.

127
=8(0)———
v =28(0) 2
12
4
o-12)
4
Area of APTN

= %(Perpendicular distance from P to the y-axis)(TN)

1 3 127
=5<4)(Z+T)

=65 Units® (Shown)



Follow up 9

Solution
(a)
Given X=at* . €)) V=20t oo,
— =2at d_y =2
t dr

Using chain rule

_ b &
dx dr dx
:2axi
2at
1
T

Since gradient of tangent = l .. the gradient of normal = —¢.
t

Equation of normal to the curve at any point with parameter ¢
y—2at =—t(x—at”)

y—2at =—tx+at’

Syt =2at+at’ (ShOWN) ...o.oooovevceveceieceeeean. 3)

(b) Substituting # = -1 into (3).

y—x=-2a-a

The normal cuts the curve again at R.
Substituting (1) and (2) into (4)
2at = at’> -3a
2t=1"-3
£*-2t-3=0
t=3 or -1 (Rejected)

Substituting ¢ = 3 into (1):
x=a(3)’
=9a
Substituting ¢ = 3 into (2):
y=2a(3)
y=6a

The coordinates of R are (9a, 6a).



(¢) Given that the line and curve intersect,
Substituting (1) and (2) intox—yp+a =0
So, at’—pQRat)+a=0
at* =2pat+a=0
Given that they cut at 2 distinct points, Discriminant > 0.
ie. (—2pa)’ —4a(a)>0
4p*a’ —4a* >0
(p+D(p-1>0

~p>lorp<—1



Follow up 10
Solution

Let (x=1) —=(3+4)" =16 oo,
Differentiating (1) wrt x,

2(x—l)—2(y+4)%=0

dy
2(y+4)—=2(x—1
(v )dx (x=1)
d_y_x—l
dr y+4
Substituting the point (3, 2) into (2).

dy 3-1

dx 2+4

=3

At (3, 2), gradient of the tangent is 3.



Follow up 11
Solution

@) X2 =3XP+2V" =6 oo (N
Differentiating (1) implicitly wrt x

dy dy
2x-3x—-3y+4y—=0
& 0

(3x—4y)% =2x-3y
dy 2x-3y
dx 3x-4 y
Substituting the point (2,3) into (1) gives

dy _2(2)-303)
dx  3(2)-4(3)

Equation of tangent at (2,3) is

5
-3==(x-2
y g2
Z6y =5x+8
. dy
(b) For tangent parallel to the x-axis, ™ =0.
e XTI
3x—-4y
2x-3y=0
2,
Y73

o 2 .
Substituting y = gx into (1).

2
x° —3x(zxj+2(zx) =6
3 3
—9x* +8x* =54

x> =-54

Since x> > 0,x € R. Thus, there is no point on the curve at which the tangent is parallel to the x-axis. (Shown)

(¢) Lety=a,wherea isaconstant ...........cccoeevenene 2)
Substituting (2) into (1)
x* = 3xa+2a*=6

wx*=3xa+Q2a*-6)=0

Using the Discriminant, D

— (-3a)’ — 424> —6)

=a’+24

For any real values of a, a® > 0. .. a’ +24 is always positive.

Since discriminant, D > 0, .. every line parallel to the x-axis cuts the curve at two distinct points. (Shown)



B Follow up solutions C8 (12-21)

Follow up 12

Solution

f(x) = ei

f! — ex(l)_x(ex)
(x) (eX)2

-

e
For f(x) is increasing, f'(x) > 0.
L P
ex
e’ is always positive for all real values of x,
1-x20
x—-1<0
x<1

Range of values of x is 0 < x < 1.



Follow up 13

Solution

_ 2x
(x+1D)(x-2)
(x+D(x-2)2)-(2x)(2x-1)
[(x+Dx-2)]

-2x* -4
[(x+D)x-2)]

2x° +4
[(x+Dx-2)]

f(x)

f'(x) =

Since [(x +1D)(x— 2)]2 is always positive, for all real values of x, x # —1, x # 2.
2x” +4 is always positive , for all real values of x.
2x° +4
Lz <0
[(x+D)(x-2)]

i.e. f'(x) is always negative.

So, f'(x) = —

.. f(x) is strictly decreasing for all values of x, x # —1, x # 2.



Follow up 14
Solution
y= X +xt-1
% =3x"+2x-1

d’y

> =

6x+2

2
(a) For the curve concave upward, )2} >0
dx

ie. 6x+2>0

xX>——

d2
(b) For the curve concave downward, E); >0

6x+2<0

xX<——



Follow up 15

Solution
3
X
a e e 1
(@ 1+3x* )
dy (d+ 3x*)3x* =X (12x°)
dx (1+3x*)’
_ 3x* —3x°
(1+3x*)’
_ 3x2(1-xY)
(1+3x*)’

. d
At stationary, ay =0.

L3 (1-xY)=0

x=0or lor-1
Substituting x =0 into (1). .. y=0
Substituting x =1 into (1). .. y :%

Substituting x = —1 into (1). .. y = —%

The coordinates of the stationary points are (0, 0), (1, %) and (—1, —%j

(b) Using First Derivative Test

d
~d + 0 | +
dx
direction of tangent| -~ | — |
shape of curve //

The stationary point (0, 0) is a point of inflexion.

L - 0 +
dx
direction of tangent | . — |
shape of curve ~_

. . 1). - .
The stationary point | —1, _Z 1S @ minimum point.



d ol
dx
direction of tangent | | — ~
shape of curve T

. . 1) . . .
The stationary point | 1, " is a maximum point.



Follow up 16

Solution

(a) y=8x+

2
X
1
=8x+—x"
2
Differentiate y with respect to x
Y =8—x"
dx
. . dy .
Differentiate o with respect to x
d2
dx); =3x
_3
x4

(b) At stationary point, % =0.

8—x7=0
1

— =8
x}

X =

8

1

X=—

2

o 1. 1
Substituting x = 5 intoy =8x+ PR

y =8(0.5)+ 057

=6

The coordinates of the stationary point is [%, 6).

Use second derivative to determine the nature of the stationary

- 1. ’ §
Substituting x = — into ¢y _ 3x7".

2
2 —4

4y 5 l)

dx? 2

2

Y _4850

d®

The stationary point (%, 6} is @ minimum point



Follow up 17

Solution
Let F() =27 =1 oo €))
Differentitate (1) with respect to x

TRC ) ik )

At stationary point, f'(x) =0.
3x* =0
x=0
Substituting x = 0 into (1).
When x =0, f(0)=-1.
.. the stationary point is (0,—1).

Differentitate (2) with respect to x

Whenx =0, £"(0)=0
Differentitate (3) with respect to x
f"(x)=6

Since nth derivative is odd, it implies that the stationary point is a point of inflection.

.. (0,—-1) is a point of inflextion.



Follow up 18

Solution
y=x+e™
d
P

At stationary point, % =0.

1-2e" =0
2e =1
1-2x 1

e = E < take In on both sides

1
(1-2x)lne= ln(aj

=Inl-In2
1-2x=-In2
1+1In2
x:
2

2x

o 1+In2 . -
Substituting x = — = into y = x +¢'>*.

12 )
2

L R
2 2

=l+lln2+e’l"2
2 2

L
2 2

=l+lm2+l
2 2 2

:]+£

The exact coordinates of the turning point of C are (l +In2 1+ Ej



Follow up 19

Solution




Follow up 20

Solution

0

Follow up 21

Solution




Follow up solutions C9 (1-4)

Follow up 1

Solution

Using Pythagoras Theorem A
e —
ey
2 —
2
4

h* +4r* =1296  (Shown) .................. ()

(a) Differentiate (1) w.r.t.r

Given that the height of the cylinder, / = 24,
substituting 4 = 24 into (1) to find r.
(24)° +4r° =1296
r* =180
r=65

Substituting / = 24 and 7 = 6+/5 into (2).

2(24>j—h+ 8(63/5) = 0
r
200 Y ~ 8(6v5)
dr

dh_

o

. D . . dh
Given that the height is decreasing at a constant rate of 0.25cms ™, i.e. m = I

Using Chain Rule,
dr_dr d
de dh dt

The rate at which the radius is changing at this instant is £(5) cm/s. (Shown)



(b) Let V' be the volume of the cylinder.

From (1): 12 = =" . 4)

Substituting (4) into (3).

_ 2
V:ﬂ(lz% h Jh
4

14 =%(1296h—h3)

Differentiating V' with respect to %

I _Z 1296312
dh 4
When / = 24,
V7 1296302
dh 4
=-1087
Using Chain Rule,
v _dr dh
dt  dh dt
= —lOSﬂx(—lj
4
=27r

The rate at which the volume of cylinder increasing when the height of cylinder is 24 cm is 277 cm’/s.



Follow up 2

Solution

Let the depth of the water be %, the volume of water be V' and the radius of the water level at that point be R.

Using similar triangle

15-h R
15 5
— 15-h 15
PR ERY

3

1 . . R 5
V=79 (15) -2 2R (15-h)

15-h
3

2
=125ﬂ—%7r[153—hJ (15—h) < replace R with

= 12572'—L72'(15 —hy
27

Differentiating V with respect to 4.

a3
S a(15-h) (-1
n 277f( ) (=D
_ x(15—hy
9

. . . . oo, dVr -
Given that water is leaking from the circular base of the cone at a rate of 10cm’s ™, i.e. & =-10cm’s ™.
t

Using chain rule,

w4
dt dh dr
2
~10cm’s™ _ZUS=hy dh
9 dr
Ath=12cm,
~10cm’s™ =—”(15_12)2 4
9 dr
~10em’s™ = 7 x—
dr
dh 10 5
E:—;Cm S

The decreasing rate of the depth of water when the depth of wateris12 cmis 10 cm’s ™.
V4



Follow up 3
Solution

Volume of water in the conical tank at time ¢ seconds be V.
1

V== R e 1
3 (1
Refer to the diagram, using trigonometric ratio 3
r
tan 60° = — o
h 60
Y N Q)
Substituting (2) into (1).
Therefore V =7ah’ .ccecvvenn.. 3)
Differentiating V' respect to ¢.
- @)
dt dt

Volume of water in the conical tank = Volume of water filled — Volume of water flowing out
V =947 — (27 per second)(¢)
When ¢ =15,
V =94 -(2x)(15)
=64rx

Substituting V' = 64 into (3).
h’ = 64r
h=4

. . 4
Given that water begins to flow out at a constant rate of 2z cm’s ™, o -27.
t

Substituting 4 = 4 and (ii_lt/ =-2x into (4).

27 =37(4)° dh
dt

dh 2z
dt 37(4)
1
T 24

. . . . .1 _
". Rate at which 4 is decreasing at the instant when ¢ =15 is eV cms ™.



Learning point:

Some common errors from above solution:

1.

2.

3.
4.

W =64=h=38
d -2z -2,
—=———="
dt  3zh 3
d—V =2r
dr
Differentiating J without realising that both 4 and r are variables:
Eg:V = Ln
3
vy 1, Vo2
=—=—7xr" of —=—nrh

dh 3 dr 3

. dh 1 1
Wrote either "— = —" or "Rate of decrease of 7 = ——".

de 24 24



Follow up 4

Solution
Given X=cosp y=sin’ p
dy . dx .
——=3cos psin — =—sin
dp p p ) p
Using chain rule,
b _dv dp
de dp dx
_3cospsin’ p
—sin p
=-3sin pcos p
-3(2 1
= m < use double angle, sin2p = 2sin p cos p
3.
=-——sin2
5 p
Letz= d_y
dx
3.
z=——sin2
> p
E =-3cos2p
dp
Using chain rule,
d_d d
de dp dt

. L . . . d
Given that p is increasing at rate of 0.5 units per second, i.e. L _os.

=-3cos2px(0.5)

3
=——cos?2
2 p
When p :%
dz 3 2
—=—=cos| —
dt 2 3
=0.75

Therefore, % is increasing at 0.75 units per second when p = %



Follow up solutions C10 (1-4)

Follow up 1

Solution

@@ V= %72’(}’(3)2 (AP) e, (1) < formulae of cone, V = é;rrz

In AAOR, sin@=——
40

40=—"
sin @
AO =7c0SeCH ...ooocvvereeeeennn, 2)

S AP =r+rcosecd
In AAPC, tané =£
AP

PC = AP(tan 09)
=(OP+ AO)(tan @) < OP = radius of the sphere = r

= (r +r cosecd)(tan 9)
=r(l+cosecd)tand ........ccceeveevennen. 3)

V= %ﬂ'[}"(l +cosecH) tan 8]’ r(1+cosecd)

V= %ﬂﬂ (1+cosech)’ tan® @ (Shown) ........cc.cccevvrvencne 4)

(b) Differentiate (4) with respect to 6

3—: = %mﬁ [3(1 + cosecd)*(—cosecHcot O) tan> @ + (1 + cosecd)’ 2tan Osec’ 6] < use product rule

1
= 572’7"3 (1+ cosec@)’*[-3cosecOtan @ + (1 + cosecd)2 tan Osec’ O] < factor out (I + cosec)’
. dr
At stationary, — =0.
Y40
1
Emf3 (1+ cosec)’*[-3cosectan @ + (1 + cosecd)2 tan fsec> 8] =0

l;zr3(1+cosec9)2:0 or -3 ,] Sno (14 ,1 2sin0 12 J:O
3 sin@ )\ cos@ sin@ J\_cos@ )\ cos” @

3 sin@+1)( 2sin@
cosecd =—1 or - + - — |=0
cosd sin@ cos’ @

3 2sin@ 2
+

sinf =-1 or - —t— =
cosd cos’@ cos’O

(rejected since 6 is acute)



3 2sin@ 2
Ry
cosd cos’@ cos’O

—3cos’0+2sinf@+2=0

Consider

-3(1-sin’@)+2sin@+2=0
3sin’@+2sinf@-1=0
(sin@+1)3sind—1)=0

sinfd=-1 (rejected since @ is acute) or sind =§ (Shown)

When sin@ = é, from GC,

dv

Fr 75.41° >0 since r >0

L. . 1
..V is minimum when sin @ = 5

Alternative Method
6 sin”™' 1 sin”' ! sin”' !
3 3 3
=0.339 =0.340 =0.341
dr | -0.0633r° 0 0.08747°
do <0 >0

L . 1
.. V' is minimum when sin 8 = g



Follow up 2

Solution

(@) BD=+n"+n"> < using Pythagoras Theorem

A_ n _B
= \/En ‘\_.‘-n,“_“ “‘,‘
Let M be the midpoint of SR and K be the midpoint of PQ. r " ‘
li‘ ,‘,‘ "“K,‘\‘ “a
— e Oy o |
pu = BP—BK S Y
2 d0xX S
2 D e c
Note that DM = EM. Figure 1

EM?* = OE* + OM* < using Pythagoras Theorem
OE® =EM* -OM*

_ﬁn—xz_(zf
2 2
_ G20
4 4

1
:Z(2n2 —2\2nx+ 5 -x%)

= i(an - 2\/§nx)

_ %(nz —2nx)  (Shown)

b)) V= %(base area)(height, OF)

1,1 2
—gx E(n «/Enx)

V?= %(n2 —x/znx) (shown) .....ccooveerneenne. )



4
V= ;C—g(n2 —\/Enx)
n \/En ¥

=—X —

18 18
Differentiate (1) with respect to x.

v u? fn

2 =T )——(5 1 WO @)

dx
2 5 SN
9 18

. dv
At stationary — = 0.
Y

2n* 5V2n o

x - =0
9 18

3
%(4;1 —5y2x)=0

4n

x=——= or x=0 (rejected,

To determine the nature of the stationary point
Method 1 (2nd derivative Test)

From (2): 2Vd—V = 2l x’ __5\/511 x*
dx 9

18
Differentiate (2) with respect to x.
2[d_Vj(d_VJ+2 &V _on’ f ENET
dx J\ dx dx’
2 2 2
2[d—Vj sord ’z/zzi : M)ﬁ .........................
dx 3

Substituting x =

2\/571 dv
5

and— =0 into (2
o (2)

= x>0)



2 ) 2 3
20y + &V 2 2420|1032 22n
dx 3 5 9 5
Ly &V _ 207 (807 ) 10V2n( 16v2n°
dr 3 (25 9 125
B 16n* 3 64x*
75 225
_ 16n*
225
2 4
d IZ/ :—8L<O(since V,n>0)
dx 225V
..V is maximum when x = n.
Method 2 (1st derivative Test)
[2@ ) o N) (2& J
X n —_— n
5 5
Explanation 4'1_5&3;;2 4n—52x=0 4"_5‘Eiig
ﬂ
& +ve 0 —ve
Slope / - \
.. V is maximum when x = 2f n

(c) MethodI (Analytical)

Given that the volume of the pyramid is greater than 45 cm’

ie. V>45

From part (b) 7

4
X 2 \/*
—(n" —2nx
TR )

4
ic—g(n2 —x/Enx) > 45°

V is maximum when x =

5 18
%né —%né > 2025
32
28125
n>11.008 (5s.f)

n.

5
] > 457

22
5

2
n

18

242
n

5

n® >2025

The least integer 7 is 12. The smallest cardboard given is 12cm x 12cm.



Method II (GC table method)
4

From part (b), V* = ic—g(n2 - \/Enx)

V= (o )

Given that the volume of the pyramid is greater than 45 cm’

ire. V>45.

¥ is maximum when x =

n’ 2\/5 ’ \/En 2\/5 ’

— n| — n| >45
18\ 5 18 5

Using GC,

Whenn =11,V =449 <45
Whenn =12,V =583 >45

n

22
5

Smallest cardboard given is 12cm x12cm.

INORMAL FLOAT DEC REAL RADIAN MP n

Plotli Plot2z Plot3

NORMAL FLOAT DEC REAL RADIAN MP
PRESS + FOR aTbl
X

Y1

Y2

24.59

33.731
44,896
58.287
74.107
92.558
113.84
138.16
165.72
196.72
231.36




Follow up 3
Solution

(a) Letxbe AP, ybe RP and M be mid-point of AC.

In AAMP
a
sin(z —0) =2
X
a
X =
2sind
a
tan(r —0) = 2
Yy
_a
7 2tan @

T =(AP+BP+DQ+CP)+PQ

=4[2s?n9]{a_2(_2t:naﬂ

=2acosecld+a+acotl

=a(2cosecd+1+coth)

(b) ar _ —2acoseccot @ —acosec’ @
de
. dT
At stationary, — =0
R,

—2acosecHcot & —acosec’d =0

cosecH(2cot B+ cosecd) =0

cosf = —% or cosecd =0 (undefined)

0=""
3

Using First Derivative Test

o | (22 | 2= | ()
3 3 3
d7T

— | Negative 0 Positive
da

. 27
Hence, T’ is minimum when @ = 3

min
=Ba+a

*. minimum value of 7 is (\/g +1)a

T. = 2acose02T”+a+acot2Tﬂ

[N~



(¢) Graph of T against 8




Follow up 4

Solution
(a) Floor area, xy = 4000
4000
y =
x

2
Slant height of the rectangular roof =, [(0.01y%)* + (%)

Area A = 2(vertical sides) + 2(rectangular roofs)

4000

X

2
= 2(4x) +2x,](0.01y%)> + gj areplacey =

22 2
:8x+2x\/(0.01>< 4000 j +(MJ
X 2x

160000° 2000

+
4 2
X X

2 2
=8x+2xx \/2000 \/6400 +% < factor out y =

=8x+2x

2 2
X X

6400

2
X

= 8x +4000 +1 (ShOWN) oo, (1)

(b) Differentiate (1) with respect to x.

1
%:8”000(6400“) z(_lzsooj

2
X X3

. d4
At stationary, — = 0.
e

1
ie. 8+ zooo[6400 + 1) ’ (—12800j =0

2 3
X X

8

1
(6400 jz 25600000
+1 =

2 3

X X

1
25600000 (6400 jz
= +1

3
8x x?

3 2 1

[3200000)2 _ 6400
X X

13
1.024x10 _ 640 +1  (Shown)

6 2
X

X

soa=1.024x10"

Slant height




1.024x10% _ 6400

Use GC to solve = 2 1. V1=32000002/%6-64900/%2-1
o x=140.6342
=141 (to 3 s)
Method 1 (Using First Derivative Test) 2ero
X=140.6342 v=o
X 140.63 140.63 140.63"
d4 —-ve 0 + ve
dx

. when x =140.6342, V' A is minimum.

Method 2 (Using Second Derivative Test)

1
6400 ) 2( 73800000
- || =
X X

3
6400 “2( 12800000 12800
= —+1 S S >0
X X X

When x =140.6342

o

Hence 4 is minimum when x =140.6342

d’4
dx2

(6400
140.6342

12800000 j(

12800
140.6342°

140.6342°

Minimum Cost

6400

= 8(140.6342) + 4000, | ————
140.6342

+1}2.50

=$14317.43 (nearest cents)
=$14300 (to3s.f)

The minimum total cost of the material for the whole tent is $14300.
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